The search of secondary pulsations is carried out to understand the possible relations among the known parameters of variables of the cluster, NGC 6866. These pulsations arise due to the various ongoing physical phenomena of the variables. Moreover, pulsations of the variables are identified through the visual inspection of their frequency-amplitude distributions. A total of 18 variables among the 28 known variables are showing the secondary pulsation modes. Furthermore, these pulsation modes do not occur for PV, EA, EB, Elliptical and semi-regular. In addition, the field variables seem to be the red-component-stars (RCS) for the studied cluster. The smoothness of the frequency-amplitude curves, signal to noise ratio and the significant limits are play major role for deciding the real peak or frequency values. We are not rejected those amplitude peak of parabolic patterns, for which, the amplitude is greater than then significant limit of variables. The weight of pulsation frequencies is given to be 0.5 for non full cyclic variation but the amplitude is greater than significant limit. Similarly, our present analysis does not support the HADS characteristics of previous known HADS stars within stellar cluster NGC 6866. We are also proposed to new correlation between the secondary pulsation modes (depending frequencies) and the absolute magnitude of known variables.
Introduction
Open star clusters (OSC) are the host of various variable stars such as, δ-Scuti, γ-Doradus, rotational, elliptical etc., and their detailed study is needed to impose the constraint of stellar pulsation models. Since, variables are change their brightness with the time and also contain the various stages of instability strips of the stellar evolution. Moreover, the pulsation variability is arise due to those certain conditions, which are translated into the various instability strips in the Hertzsprung-Russell (HR) or colourmagnitude (CM) diagram (Eyer & Mowlavi, 2008) . Moreover, these pulsations are not found for those stars, which are laying on a fixed instability strip (Briquet et al., 2007) . Although, the study of stellar variability of members of the clusters is more effectively used to constraint the model of stellar evolution processes. These constraints depend on the some basic properties and the evolutionary status of individual stellar members. In this connection, the basic parameters of said variables can be derived from the properties of their associated cluster (Mowlavi et al., 2013) . The simultaneous photometric analysis of the observations of variables of a cluster would be required more precise timeseries data, which is obtained by the observations of the stars of cluster under the same weather and equal instrumental conditions (Kim et al., 2001) . In the present work, we are utilized the time series data of Joshi et al. (2012) (available at VIZIER service; hereinafter JOS12) for the detailed frequencyamplitude analysis of the variables. The stellar dynamics and evolution study of the Eclipsing binaries are more attractive in the comparison of a single stars. In addition, their period limit is still an open issue, and may need revolutionary revision for the documentation of very short period systems (Liu et al., 2015) . The detection of the stellar pulsation modes of variable and analysis of their associated frequencies may provide a unique opportunity to understand the internal structure of that variable (Mowlavi et al., 2013) . These prescribed pulsation modes are provide important clues for probing the physical properties of variables, including their masses, luminosities, temperatures and metallicities (Salmanzadeh et al., 2015) . Furthermore, these pulsating variables cover a broad range of the stellar parameters and associated evolutionary stages (Derekas et al., 2009) . The present manuscript is described about the pulsation search procedure and results within the known variable stars of JOS12. The importance of search of secondary pulsations of variables is briefly described in the Section 2. The identification procedure of these secondary pulsations and smoothness procedure of their associated light curves are prescribed in the Sections 3 and 4 respectively. The multi-periodic analysis of HADS stars have been carried out in the Section 5. The specific discussion and analysis of the identified WUMA stars of the open cluster, NGC 6866 have been discussed in the Section 6. In the Section 7, we are summarized our important results and also prescribed their important features/uses for constraining the model of stellar evolution processes.
Pulsation search in known variable stars
The high variation of reddening may change the measurement accuracy of the distance modulus. The nature of stellar variability does not change through the small variation in stellar magnitude. Since, all science frames of interested target are gathered in the similar environmental conditions, therefore, an analytic view/method is needed to reduce an effect of the positional variation of the target. In addition, the constant environmental conditions are not possible for a 6-8 hours observation of the target in a particular night and also these conditions are varied night to night. Such type effect may reduce through either the simple differential photometry or the secondary standardization method (STM). The transformation equations of Landolt's standard stars are used to generate secondary standard stars in the target field observed on the same night of Landolt's standard field. Secondary standard stars are used to calibrated the instrumental magnitudes on each observing night of target. For this purpose, a linear fit is used between the standard and instrumental magnitudes of these secondary stars assuming that most of the stars are non-variable. Those stars will rejected which deviated by more than 3σ deviations. In the differential photometry, the resultant light curves highly scattered due to the adding of the estimation error of the stellar magnitudes. Furthermore, the estimation errors are increasing with the stellar magnitudes and the consideration of comparison star for a known single variable also creates complexity. Since, the STM procedure does not contain these so called facts, therefore, it is used by JOS12 for estimating the stellar magnitudes of members of cluster NGC 6866 from the time-series photometric data. The linear relation of common hundred stars of various frames is a fundamental property of the STM and this procedure may create least scattering due to the many data points. Moreover, we are used archival data (given in VIZIER services) of JOS12 in the present study. JOS12 was observed the cluster for 29 nights between 2008 September 26 and 3 2011 January 10 (over two observing seasons). According to them, a total of 768 frames in the V-band was accumulated using the 1.04-m Sampurnanand telescope at Manora peak, Nainital and a brief log of their observations are given in Table 1 of JOS12. Since, we are revisited the variable work of JOS12, therefore, the data of light curves of their studied variables is extracted from VIZIER services. These light curves are occurred due to the changing behaviour of the stellar magnitudes. Such magnitude variation of stars arisen due to the various ongoing physical and the stellar evolution phenomenon. Since, each particular phenomena may produce a periodic variation of the stellar magnitudes of studied variable, therefore, the light curves may be contained the various periodic cycles of different amplitude. In the earlier study of these variable, the prominent period (having maximum amplitude) had been determined. As a result, it is further needed to find out other possible periods, which may be produce through the stellar mechanism. In this connection, we are developed a new procedure to find out the secondary pulsation modes on these known variables of the cluster NGC 6866. Since, JOS12 have been reported 28 variable stars in the core region of cluster NGC 6866; therefore, we have been reconstructed the frequency distribution of each variables by using the PERIOD-4.0 program (Lenz & Breger, 2005) . This computer program allows us to fit all the frequencies in the given magnitude domain. The amplitude-frequency distribution and primary peak of all prescribed variables are shown in the figure 1.
The amplitude-frequency distribution of these variables is contained the various asymptotically parabolic pattern of the amplitude within the entire frequency domain. These Gaussian profiles of amplitudes are considered to be the possible profiles of the ongoing stellar physical phenomena. The highest peak of amplitude of any asymptotically parabolic pattern is taken as the amplitude of periodic event of the variable and its corresponding frequency is used to estimated the period of said physical phenomena. The major/prominent highest peak of all these asymptotically parabolic pattern may lead as the primary frequency (f 0 ) of variables, whereas other amplitudes of remaining asymptotically parabolic pattern may be used to identify the other possible periodic phenomenon. The new prominent frequency of 28 variables and values of their corresponding amplitudes are listed in table 3. Moreover, the known literature values (JOS12) of their periods and amplitudes are also prescribed in the same table.
Joshi G.C. (2016) is used following magnitude-colour relation to separate were assigned various membership status of the variables according to their spatial P sp ), photometric (P ph ) and kinematic probabilities (P pm ) to assign the stellar membership probabilities of detected stars within observed cluster field. They have chosen these stars as the cluster members either on the basis of photometric probability P ph = 1 or on the basis of proper motion criteria i.e. kinematic probability (P pm > 0.6). According to them, Unlikely members are those stars which are satisfied only one criteria and also belong to outside from the core-region (P sp < 0.71) of the cluster. Those unlikely variables are seem to be BCS, which are selected through the photometric criteria whereas others are RCS. Since, the proper motion distribution of the BCS and RCS does not separate them from each other, therefore, field stars do not identified on the basis of kinematic probabilities. The period of a variable is the reciprocal of the pulsation frequency (P = 1/f (ID 1077 , ID 1088 and ID 1421 are showing good agreement with this fact. The estimated frequency of the contact binary stars is the sum of prominent frequency of each star. Both stars so much near to each other that they are not resolved by the present astronomical telescopes and detected frequency occurs due to their combined physical evolution processes. Let, each star shares equal proportion of mass phenomena of binary system, then the actual frequency of both star will be same. Thus, actual frequency is considered to be the half of the resultant f 0 of the contact binary stars. On the behalf of present analysis, the known literature values of f 0 of the PV and EB variables have not justified through the above prescribed statement. These results/facts are also motivated to us for searching the other pulsation frequencies in these known variables.
Technique of identification of new pulsation in variables
The patterns of amplitude-frequency distribution of the variables are appear to be asymptotically parabolic (any-Gaussian, Shannon's function etc.). The high peak of each asymptotic parabola provides the amplitude of that pattern and the position of this highest peak of amplitude provides the value of frequency. The highest amplitude of all such type high peaks considered to be the prominent period and gives the value of (f 0 ). It is easily seen that the amplitude of amplitude-frequency diagram of variable is continuously decreasing with the increasing value of frequency until the another asymptotic parabola is not begin. The appeared distribution is also considered to the superimpose of various cyclic variation of ongoing physical phenomenon. For example, we are discussing the nature of amplitude versus frequency pattern of the variable star ID 016, which is a possible Binary. Its amplitude-frequency distribution has been depicted in the figure 2. In this figure, the amplitude is continuously decreasing within in a frequency domain from 2.15 d −1 to 20 d −1 and a asymptotic parabola is appearing. The highest peak of said parabola is found to be 25.88 d −1 . This peak is easily identified on the above prescribed parabola through the visual inspection. In this distribution, we have also found various asymptotic parabola pattern but all these patterns are not prominent with respect to their surrounding. Such type profiles may also occur either due to the instrumental error in the magnitude estimation or due to the stellar amplitude variation by the atmospheric conditions. In addition, the peaks of asymptotic parabolic structures of prescribed diagram are found to be order of 3 − 4 mmag except 7mmag. Since 7mmag is comparatively higher of 3σ limits of remaining peaks of order ) and Amplitude in V-band (mmag), respectively. In the middle panel, we have shown the of 3−4 mmag, therefore it can not be ignore. On this background, the asymptotically parabolas, having V-amplitude is less than 7 mmag, do not consider for searching the secondary pulsations. Furthermore, they are considered to be the pseudo asymptotically parabolic peaks. On this background, we are found one secondary frequency of variable ID 16. Both frequencies are clearly depicted in the figure 2. The above prescribed figure is also contained the corresponding phase diagrams of variable ID 16. The lower left panel represents the phase diagram through its primary frequency i.e 2.1484 d −1 while lower right panel represents same for an additional frequency i.e. 25.8787 d −1 . At the amplitude spectrum for f = 2.15d −1 (upper panel of fig 2) , the corresponding amplitude is found to be 0.082 mag. However, the peak to peak complete amplitude from the smoothed phase plots (left lower panel of fig  2) ) is computed as 11.792-11.724=0.068 mag i.e. less than 0.082 mag. This result indicates decrement of the amplitude with the data smoothness. The smoothed semi-amplitude of the sinusoid with no harmonics should be 0.02, so the complete amplitude is to be 2 times of semi-amplitude i.e. 0.04 with no self consistency. Obviously, the light curve at 2.15 c/d shows an eclipselike narrow minimum, which causes a presence of harmonics of the main frequency, the main at 4.3 c/d and its amplitudes seems larger than that of the "fast variations". Similarly, the amplitude spectrum shows one more peak at f = 28.88d −1 . Here, data points strength for f = 2.15d −1 is comparatively high rather than data points f = 28.88d −1 and characteristics of former has contained more data points rather than later. In this connection, the scattering of phase curve of f = 2.15d −1 is found to be due to presence of least characteristic data points of f = 28.88d −1 . Other hand, the scattering of phase curve of f = 28.88d
−1 is high due to effect of dominant characteristic of f = 2.15d −1 . Since, smoothness has been found in the cost of decrement amplitude, therefore, the completed amplitude is found to be 0.026 mag(11.760 − 11.734)from the phase plot at f = 25.88d −1 (right lower panel of Fig 2) . Thus, we have identified a new pulsation frequency of the variable ID 0016 through this procedure. In the present work, we are identified new dependent frequencies of variables. Generally, frequencies of variables could be identify by keeping the consideration of pre-whitened procedure of data-points of light curves. In pre-whitened process, the data points are turn out from the theoretical sine curve of a known amplitude and known pulsation frequency. This process is effective to compute independent pulsation frequencies of the variables, whereas this process reduces the data points for the dependent pulsation fre-quencies except than prominent pulsation mode. Since, our present study is dedicated to identify the dependent frequencies and their role in the estimation of parameters of variables; therefore, we are not adopted pre-whitened process due to interfered/mixed data-points of dependent frequencies.
Moving average procedure for constructing the phase diagram
The light curves are only useful to identify the variable. The real periodic picture of the stellar variability is understandable through the phase-folded diagram. A phase of variable is defined as the measuring scale in the terms of cyclic variation and depends on the period of cyclic variation. Thus, the phase diagrams represents the picture of full cyclic variation of stellar magnitudes. For more clear picture, the points are overlapping in a single phase of all gathered points of all cycles. The phase diagrams of variable ID 0016 (as shown in lower panels of Figure 2 ) have been constructed through the moving average procedure. In this procedure, the phase of each data point of light curve is derived through the following relation,
where T , T 0 and f are the JD time of observation epoch, initial JD time i.e. JD 0 (The JD time of first observed science frame of V-band of NGC 6866 by JOS12 on the date 26 September 2008 i.e. 4736.088461) and corresponding frequency of the variable. The integer part of these computed phase have been removed and remaining decimal part are arranged in the increasing order. As a result, the cyclic variation are overlap to each other and known as the phase-folded diagram. Since, this resultant diagram contained scattered points, therefore, we are needed a procedure to reduce this scattering. Here, we are used moving average algorithm to overcome the effect of scattering. we have been computed the average magnitude of the first 5 data points (1-5) from the prescribed ascended data points. After noting this average value of said points, we are removed first point from the set. Now, we are again computed the average of first five point (2-6 of actual set) and it is noted in the below of previous computed average value. Similarly, this procedure is repeated for upcoming the following sets of data points: 3-7, 4-8 and so on. As a result, we have found a new phase file, in which, a total of 4 data points is less than the number of data points of previous file. This whole procedure have been repeated three times. After the visual inspection of the new resultant phase curve, we have found that the moving average procedure improves the smoothness of phase diagram and also decreases the amplitude of pulsation frequency. The resultant phase diagram of ID 0016 is shown in the Figure 2 .
Estimation of specific ratio, significant limits and S/N values
The specific ratio, signal to noise (S/N) values and significant limits of variables are needed to decide the real peak or frequency values. Specific ratios are proposed to co-relate the amplitude of frequency peak (A(mmag)) to the mean error of estimation errors of all data points (Err M V ) of time series photometric data of variables. In the present work, we are computed the specific ratios of variables through the following proposed relation,
The high value of specific ratio represents the smoothness of the phase diagram of the variable. Moreover, this value defines zero for the perfect nonvariable stars. Moreover, magnitudes are the logarithm function of flux. Since, the Fourier frequency periodogram (FFP) of light curve of variables shows various asymptotically parabolic patterns of amplitude-frequency variations, therefore, an amplitude label is required to identify the true pulsation frequency. The value of above prescribed label is known as the significant limits. These limits values may be equal or more than 1.5 times of the noise level. The noise level is the greatest amplitude peak value of identified parabolic frequencies. The background frequencies neither shows the phase curve or does not show the separated and distinguishable asymptotically parabolic patterns of FFP. Since, the S/N value is the ratio of pulsation amplitude to the noise level of FFP, therefore, we are proposed to co-related the S/N value with the significant limit through the following relation,
We can estimate significant limit for each variable according to its FFP nature . Generally, we are examined the variability nature for those amplitude peak of FFP, which having amplitude more than 1.5 times of amplitude peak of noise level (As, we shown significant limit about 7mmag in Section 3). The computed specific S/N and significant limits of each variable are prescribed in the table 2. A deep analysis of Table 4 indicates that the value of S/N ratio of pulsation frequencies is found to be more than 3.2 for variables, having specific ratio greater than 1.4. This prescribed value of S/N is near to the minimum value of Breger criterion. For example, the peak amplitude of background frequencies of parabolic patterns of ID 494 is less than 2.5 mmag for the frequency range from 49.5d −1 to 340d −1 . Other hand, amplitude peak (4.76 mmag) of asymptotically parabolic pattern of frequencies range 24.5d −1 to 49.5d
−1 is considered to be the search of possible pulsation frequency. The prescribed amplitude peak (4.76mmag) is more than 1.5 times of 2.5mmag. The scattering of data-points is played the major role to deciding the significant limits of the amplitude of searched pulsation modes. The scattering is basically depend on the estimation error of photometric magnitudes of the stars; leads the deformation in the shape of light curve of the variables. Such deformation reduces the S/N ratio for the pulsation frequencies. Since, the fainter stars show the higher uncertainty in their computed magnitudes, therefore, the identification of pulsation frequencies of these stars become more complex and less precise. The significant limit may show a chance of identification of pulsation frequencies. Due to the less precision of photometric data, the S/N ratio of secondary pulsation is found to be comparatively low. Since, we are estimated the secondary pulsations of fainter variables on the behalf of significant limit; therefore, the deep and more precise photometric data is needed to confirm these proposed pulsation frequencies, having lower S/N. We are found secondary pulsations for 18 variables of sample of 28 variables. These new identified pulsation frequencies of variables are also listed in the table 4. A ratio of amplitude signal/noise ≥ 4.0 provides a useful criterion for judging the reality of a peak (Breger et al., 2002) . According to S/N values in Table  2 , all prominent frequencies values are statistically meaningful and satisfied the Breger criterion. Thus, the computed frequencies are significant. The phase diagrams, having S/N ≥ 3.2, indicate smooth and full cyclic variation. Since, fainter stars are lower S/N values compare than Breger criterion, but they are showing full cyclic variation, therefore, their pulsation frequencies are considered by the significant limit rather than Breger criterion. The new identified secondary pulsations are listed in Table 4 and their corresponding S/N is given in the parenthesis of each frequency. However, the secondary frequencies of the fainter stars do not find statistically significant, but they are interesting to study of their dependence in the estimation of parameters of the variables. 
Revisiting towards the Known HADS stars
High amplitude Delta Scuti (HADS) variables are those late A and early F type pulsating stars which are changing their absolute magnitude (light) and radial velocity in the periods of one to six hours and also amplitude of these variables is greater than 0.2 mag (Breger & Montgomery, 2000) . The values of period and absolute magnitude of these variables are satisfied by the following equations (McNamara, 2011),
where M V and P are the absolute magnitude and period of the Delta-Scuti stars, which is used by Salmanzadeh et al. (2015) for the HADS stars. Similarly, McNamara (2011) have been also given a relation between (B − V ) o and period as given below,
where (B−V ) o is the colour-index. In the core field of OSC NGC 6866, a total of five HADS (high amplitude-delta scuti) variables are identified by JOS12. The IDs of these variables are given as 1077, 1088, 1292, 1421 and 1583. All of these given stars have observational (B − V ) 0 > 0.80mag, three of them even more than 1 (Table 3 ). Since, HADS are A-F, main sequence (or slightly more evolved) stars, all of them should have (B − V ) 0 < 0.50mag; therefore, the classification of HADS stars by JOS12 is very suspicious. Here, we are checking their characteristics by established relationship among the various parameters such as (B − V ) o , period, absolute magnitude etc. In addition, we are also analyzed the multi-periodicity of these stars as described in the below subsection.
ID 1583
It is most fainter variable in the field of NGC 6866 and its study is beneficial to understand the nature of cut-off frequency for fainter variables. Its frequency distribution diagram shows four frequencies having Amplitude greater than 7 mmag. There are two frequencies (3.36 d −1 and 12.18 d −1 ) are found in a single Gaussian distribution and such frequency distribution may classified to be twins frequencies of the variables. The first one is highest amplitude, whereas later is matched with the periodic value of this variable as given by JOS12. These twins frequencies with their phase diagram are and 288.641 days −1 , respectively. The position of both frequencies has been shown in the upper panel of Figure 4 and corresponding phase diagrams are depicted in the lower panels of said figure. It is noticeable fact that the phase diagram of above prescribed first frequency shows a full cyclic variation of the magnitude, while such pattern does not occur for the later frequency. Since, HADS stars are fainter members of the cluster, therefore, their magnitude estimation error is found to be prominent, which may be possible cause of arisen of the later frequency. From all figures of sample stars showing phase diagram, it is apparent that all frequencies have similar amplitudes regardless the particular frequency value. This is physically impossible and makes the identification of higher frequency very suspicious. In addition, frequencies above 100cd −1 are hardly detectable in the best quality space data or in very fast ground based phtotmetry. This suggests that the detected frequencies may be instrumental nature and may be leads to overestimated results. Other hand, we are not ignored that these frequencies are found for standardized data points of JOS12. In this connection, we gave half weight to this frequency for constraining its relationship with various known parameters.
Pulsation Search in other stars
We are applied above prescribed approach to identify the pulsation modes in other HADS stars with ID 1274. We are shown these identified frequencies and their corresponding phase diagrams in the Figure 5 . Moreover, the phase diagrams of pulsation frequencies of variable ID 1274 are depicted in the Figure 6 . The deep investigation of these diagrams does not show evidence of clear variability for identified frequencies 15.66 d −1 and 192.90 d −1 . The amplitude of these frequencies of ID 1088 are 10.088 mmag and 7.963 mmag, respectively. The continuous decremented amplitude does not appear in the both side of these peak values. As a result, such type peaks did not consider for further search of pulsations in other variables. The 182.58 d −1 frequency of ID 1421 shows clear variability, which leads our idea about the cut-amplitude of pulsations, which arises through the background effects. In addition, the data points of fainter stars are strongly influenced by the daily aliases and necessarily scattered. The STM has been used for reducing these influence by JOS12. Therefore, the pulsation weight of these frequencies is also considered to be 0.5 in the present case. 
New modeling for the period and absolute magnitude
We have found that the fundamental parameters of variables through the cluster studies do not matched with the computed parameters through the well established relation like M V − P , (B − V ) 0 − P , Age-Period etc. Since, the emitted photons/light of variable may be result of various ongoing physical phenomenon, therefore, the captured data provides the light curve of dependent pulsation frequencies. On this background, we are added new terms in the well established relation for establishing the similarities between the parameters through the cluster studies and parameters through the well known relation for independent frequencies. Since, the well known relations like M V − P , (B − V ) 0 − P , Age-Period are established for the independent and prominent frequencies of the pulsation variables, therefore, the modified version of these relation is needed for the dependent pulsation frequencies. This modification may be possible through the effective weights and effective number of pulsation frequencies. As a result, we are assumed that every pulsation mode can be effectively contribute to constrain the co-relationship among the various parameters of variable. The actual frequency of contact binaries is taken to be low (half for system of identical stars) compare than the estimated frequency leads to increment in the period. The interfered frequencies (estimated/obtained) is always higher than the prominent frequency. The additional frequencies are affected the prominent frequency in the power form leads the change in the period values. Thus, the modified term log P of dependent frequencies would be linked to various pulsations as follow, log P ef = w 1 log P p + w 2 log P s 1 + ....
where w 1 , w 2 , ...w n are the weight of pulsation modes P p , P s 1 , ..P sn , in which P p is the period of prominent frequency and P s 1 ...P sn are the periodic values of the secondary pulsations. The value of weight is considered to be 1 for the sinusoidal curve of phase, whereas its value is taken to be 0.5 for the half sinusoidal curve of phase. Since, the value of M V of open cluster depends on the value of colour-index, (B − V ) o , therefore, we are proposed to add a new term k (B − V ) o on the McNamara (2011) relation, in which k is the proportional coefficient of linearity. Since, JOS12 have been categorized some stars as a HADS stars, therefore, we are revisiting these stars by assuming that these stars belongs to same group of variability. In this connection, the value of k is selected to be 3n/2 for present sample stars through the error and trial method, where n is the number of pulsation modes of prescribed stars. As a result, the new proposed relation becomes as,
here n i is defined as a sum of weights of detected frequencies i.e.,
Since, above prescribed relation is a statistical relation, therefore, the correlation coefficient of this relation is computed by following relation 1 ,
where x = log P ef , y = (B − V ) 0 and z = M V . The correlation between two variable (r xy ) has been computed through the following relation (Taylor, 1997) ,
where x i and y i are the mean values of the variable x and y, respectively. The correlation coefficient for absolute magnitude, colour excess and pulsation period is found to be 0.59 through the relation of R z,xy . The said value shows strong linear relationship among M V , (B − V ) 0 and log P . Furthermore, the corresponding p-value of 5 HADS stars sample is computed to be 0.15 (onetail test) through the online calculator (Soper, 2016; Cohen et al., 2003) . Similarly, the modified relation for computing the colour-excess of HADS as given below,
The correlation coefficient [r xy ] of above relation is found to be 0.28, which does not suggest strong linear dependence between the (B − V ) 0 and log P , but very weak. Thus, the present correlation is statistically incoherent and this analysis cannot give relevant results. However, the p-value of this relation is found to be 0.32 through one-tail test (Soper, 2016) . A total of 5 sample stars are used to find out the correlations of above prescribed equations. Due to the sample of lack stars (only 5), the statistical test and estimated p-values do not so meaningful to constrain any conclusion for present sample. Present sample stars are also contained very high frequency modes and such modes would definitely be of non-radial nature. The empirical relations for HADS are defined for radial modes and arise from the pulsation equation. These information indicate that HADS categorization by JOS12 is falsified. Thus, we can not make any decision about new proposed empirical relations due to fact that these stars may be completely different stars. Since, their classification seems to be uncertain by statistical algorithm, therefore, we are further investigated their characteristics in the view of values of colourexcess, absolute magnitude and membership probabilities. The resultant model M V and (B −V ) o of variables with their observed values are given in the Table 4 . After deep analysis of Table 4 , it seems that the model absolute magnitudes of HADS (having kinematic probability less than 0.73 or 0.73) are greater than their observed absolute magnitude, whereas for others HADS members, this fact becomes vice versa. We are found that the model magnitudes seems to be close to each other for last three candidate of Table 4 , which indicates that they are still cluster members. Other hand, first two candidate show very high deviation between their model and observed values, therefore, they are considered to be field stars by us and these variables are laid within the cluster boundary. The colour excess values through observation and model are also seem to be close for cluster, whereas these described values are far away to each other for field stars. These all HADS stars are fainter member of the cluster, therefore, the photometric procedure/technique of estimation of their apparent stellar magnitude may be showing larger scattering in their light/phase curve. The colour excess values fainter members of cluster seams to be close to each other compare to field stars. Since, these field stars are brighter of the corresponding cluster members, therefore these field stars are either evolved from the cluster region or born different interstellar environment of the cluster region.
ID 1077: is a SX Phoenicis variable ?
Due to the spatial position in CMD, it is interesting object for understanding the cluster dynamics. JOS12 are reported that it is a HADS star. δ-Scuti stars (including HADS) are also known as dwarf-Cepheid. Cepheid and Cepheid like variables show the co-relation between age and period. Joshi & Joshi (2014) are purposed the said co-relation for the Cepheid variables as follow, log(Age) = 8.60±0.07 − (0.77±0.08) log P,
where P is the period of Cepheid. Since, the Classical Cepheids (CCs) shows a double-mode pattern which leads the two peaks in its periodic distribution. Moreover, these two frequency modes are known to be pulsation frequencies of Cepheid or Cepheid like variables. We are also found two frequency modes for ID 1077 as depicted in first two lower panels of Figure 4 . The amplitude of its first pulsation mode is low than that of amplitude of second pulsation mode. This peak is symbolic factor of stellar dynamics of the evolution of variable. Since, ID 1077 is a low mass star and it does not satisfied the relation of Joshi & Joshi (2014) , therefore, it does not a Cepheid. In this connection, the periodic values of ID 1077 does not satisfied the known relation of HADS, therefore, we have been rejected it as a HADS member. However, it shows similar characteristics that of δ-Scuti variables. Since, it shows property of double-mode Cepheid, so we have been examined the Joshi & Joshi (2014) relation by adding the contributing terms of the dependent secondary pulsation modes. The resultant log(age) does not match with the log(age) of the cluster NGC 6866. The matching of both values of log(age) is needed due to fact that the prescribed ID 1077 is a cluster member. Since, the numerical value of difference of both log(age) is found to be near to reddening value of the cluster, therefore, the colour terms (B − V ) o ) is added in the above prescribed relation. As a result, we are proposed a new relation for ID 1077, which is given as below,
where P s is the period of first pulsation mode of the variable ID 1077. The reddened value of colour (B − V ) of this variable is 0.66 mag (JOS12), which leads the value of (B − V ) o as 0.54 mag. The Amplitude of each pulsation mode of ID 1077 has shown in the corresponding phase diagrams. The above prescribed relation provides the value of log(age) of this variable as 8.89±0.15, which shows close agreement with the log(age) of NGC 6866. JOS12 are reported that its periodic is 0.033559 d, which is further supplemented by the our present prominent frequency (29.79d −1 ) for ID 1077. This periodic value is satisfied a short period pulsation behaviour of SX Phoenicis variables (i.e. their periodic values varies on time scales of 0.03-0.08 days). The masses of SX Phe variables are in the range 1.0-1.1 M ⊙ (Fiorentino et al., 2014) . Moreover, such type variables appears more bluer (having a higher temperature) compare to similar luminous stars of the main sequence of studied cluster Santolamazza et al. (2001) . Since, above prescribed conditions of SX Phoenicis are satisfied for the variable ID 1077, therefore it is a SX Phoenicis type variable of cluster NGC 6866.
WUMA Stars
A W Ursae Majoris (WUMA) variables are low mass contact binaries, which are a subclass of the eclipsing binary variable stars. The light curves of these variables are contained the continuous brightness variations with the strongly curved maxima and minima of nearly equal depths. JOS12 identified three WUMS stars in the cluster NGC 6866 and their estimated period is listed in the Table 3 . For obtaining the true period values of binary systems of ID 487 and ID 494, they had been considered twice of obtained period values. They are argued that EBs are better represented by two sine waves as first author of that paper is accepted in his new paper (Joshi et al., 2015) . It is noticeable fact that they did not applied same technique for other possible binary systems ID 16 and ID 20. As a result, they are created a confusion to determine the so called true period of binary systems and does not make a clear scientific reason for obtaining the true period of EBs as a twice of obtained period. The cause of better representation may not be a good scientific reason due to fact that the scattering may be also occurred by the environment effect. Similarly, the position of both variable stars seems to be different in the (B − V ) o vs V CMDs of JOS12 and Joshi et al. (2015) . It is highly ethic due to fact that both figures are constructed by same author through same results from same data-sets. We have noticed that first one is depend on the observed stellar magnitude by observation whereas the later one is based on the so called true period of both variables. Joshi et al. (2015) have been computed the true period of ID 487 and ID 494 as 0.415110±0.000001 d and 0.366709±0.000004 d, respectively. Furthermore, the absolute magnitude M V of these variables are estimated to be 4.32 mag and 4.86 mag, respectively, through the following Ruciński & Duerbeck (1997) relation,
where (B −V ) o and P are the intrinsic colour and orbital period respectively.
The shifted values of absolute magnitudes of both variables must be occurred due to the consideration of true period through their assumption. Since, the members of cluster does not changed their position in observed CMD, therefore, we are denying Joshi et al. (2015) procedure for estimating of periods of these variables. Our power spectrum analysis indicates that the prominent period values of ID 487 and ID 494 are found to be 0.207608508 d and 0.183312602 d, respectively, which leads the absolute magnitude values of these variables as 5.58 mag and 6.14 mag respectively. Other hand, we are obtained these values from the solution of best fitted isochrone as 6.45 mag and 6.51 mag respectively, which are close to our new finding results through Ruciński & Duerbeck (1997) relation. However, new periods provide close values of absolute magnitude that of comes through CMD but still less. We are analysis frequency distribution of these variables to know the cause of less absolute magnitudes through their primary or fundamental period value. For this purpose, we have been carried out a search procedure for identifying the pulsation modes in these variables. On the basis of visual inspection, we are found 5, 2 and 2 pulsation modes in ID 1274, ID 487 and ID 494 respectively. The number of pulsation modes of ID 1274 seems to be more than that of WUMA. Variable ID 1274 studied here due to fact that JOS12 were classified its as a WUMA type variable. Other hand, present analysis indicates that it does not a WUMa. The pulsation modes of ID 1274 are shown in Figure 6 and results of its details study is prescribed in the Table 3 . The pulsation modes of ID 487 and ID 494 are shown in Figure 7 . Since, the power of secondary pulsation mode of ID 487 and ID 494 is very low to compare 
JOS12
Pulsation frequencies/ Sub-frequencies to its primary pulsation mode but it may be utilized to correction in the Ruciński & Duerbeck (1997) relation. The said secondary pulsation mode are interfered with the primary mode but not changed the nature of phase curve due to their low strength. Since, secondary pulsation of these variable is superimposed in its primary mode, therefore, we are adding a new term 2P S log(P ) in the value of log(P ) of Ruciński & Duerbeck (1997) relation, in which P S is the period of secondary pulsation mode. The corrected relation is given as below,
This relation provides the values of absolute magnitude as 5.89 mag and 6.37 mag for ID 487 and ID 494 respectively, which are close to the absolute magnitude as comes through CMD.
Other Results
JOS12 were mentioned in their manuscript that they are identified seven such variables which having better representing with twice the period given by the Lomb-Scargle periodogram. On the behalf of Section 4.2 of their manuscript, there are also some binary stars, for which, the best fitted period has been considered to be half that of actual ones. In both case, they have argued that the corresponding phase diagram is visually good. The scientific statement is totally absent about the half/twice of the actual period, which is obtained through their data points. It is noticeable in Table 3 that they might be taken the half of period for PV variables, whereas twice for the WUMA, EA, EB and Elliptical type variables. In our present analysis, the variable of ID 191 is also found to be deviated frequency from the their given value and not satisfied their argument like for deviate period of other variables. The frequency amplitude diagram of variable of ID 191 is shown in the Figure 8 .
Conclusion
The stellar dynamics and the stellar evolution history of the clusters may constrain through the detailed analysis of the identified variables within cluster. The ongoing physical and evolutionary phenomena of the stars are produced various type of variation in their stellar magnitudes. These variation are leading the secondary pulsations of variables. These stellar variations would be resolved through the temporal analysis of the magnitude-frequency distribution of the time series data of variables. In the present work, we are re-determined the frequency distribution of variables through the available phtotometric data. The peak of maximum amplitude of FFP of variable is considered to be the prominent/principal peak, whereas, other remaining peaks may be secondary pulsation modes. We are not found secondary pulsation modes for EA, EB, PV, rotational and semi-regular type variables. For other variables, the high scattering of data points are appeared in the phasediagram of each secondary pulse. This scattering may be produced either due to superimpose of wave nature of other pulsation or due to estimation error. Since, the scattering is reduced the sharpness of the characteristics of the variables, therefore, an iterative-moving-average-procedure have been adopted to remove the effect of scattering. The continuous decrements of amplitude of peak has been occurred with the each cycle of this procedure and makes major disadvantage/drawback of this procedure. These secondary pulsation modes are utilized for modifying the relations among various parameters of the HADS and W UMA type of variable stars. The ID 1274 does not appears WUma, wheres it was claimed as the WUMa by JOS12. The difference in model and observed values of colour [(B − V ) o ] and absolute magnitude for ID 1088 and ID 1274 indicates that both are field stars. We are re-classified ID 1077 as a SX Phoenicis variable instead of HADS type variable. Since, SX Phoenicis variable are cousins of the Delta Scuti variables (i.e. dwarf-Cepheid). The variable ID 1077 is also satisfied the age and period relation of Cepheid variables, the result of said relation shows close agreement with the log(age) of the cluster. The number of secondary pulsation modes in the WUMS stars are used to modify the previous known relation, which provides an opportunity to estimate the model absolute magnitude of variables. Furthermore, the present finding of WUMa variables are confirmed by the photometric results of observations. As a result, we are concluded that the investigation of secondary pulsations are open an opportunity to develop their identification techniques and to constrain the models of their arisen. Since, we have been proposed to significant limit for searching the pulsations, therefore, we have been examined the each pulsation of variables, having amplitude peak of asymptotically parabolic pattern is greater than this value. We have been found clear evidence of pulsation for those variables, having specific S/N is greater than 1. For other variables, such type pulsation are highly affected through the background frequencies or noise level. Since, the amplitude of pulsation is less for the HADS stars, therefore their amplitudefrequency distribution is highly influenced through scattering. In addition, peak-amplitude of asymptotically parabolic patterns does not rejected as a pulsation search, having value of specific S/N < 1 but having more than significant level. However, such type pulsations do not show clear cycle of pulsations and known as highly influenced pulsations with half weight of unit variation.
